[11. Light is a Wave (Physical Optics)
I11.F Diffraction of Light
1. The Huygens-Fresnel Principle

Simply put, diffraction is the tendency of a wave emitted from a finite source or passing through a
finite aperture to spread out asit propagates. To understand diffraction, we should recognize

Diffraction = Interferencel

Unlike the interference we have seen thus far, which always occurs between 2 or more separate but
discrete waves, diffraction results from the interference of an infinite number of waves emitted by a
continuous distribution of source points.

Huygens suggested away of understanding the propagation and diffraction of waves, and Fresnel
later amended Huygens principle as follows.

Huygens - “Every point on awavefront of light can be considered to be a secondary source of
spherical wavelets.”

Fresnel -» “Thewave amplitude at any point beyond the wavefront is a superposition of the
amplitudes of all of the wavelets, accounting for both their magnitude and phase.”

These concepts areillustrated in the drawings below.
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Thisway of understanding diffraction is based on a description of spherical waves, which we have
not looked at yet. Asyou might guess, a spherical waveisjust awave that travels aong the radius
of a sphere, rather than aong afixed direction like x, y, or z

Since everywhere in space the wavevector is parale to the position
vector, or k || r, then kil = kr, where k is the wavenumber and r is
just the (scalar) distance along any radial direction.

Also, since the wavefront area grows as 4712, but the power emitted
by the source at the center is constant, then the Intensity (whichis
power/area) must decrease in proportion to 1/r2. Sincel = 2, then
the amplitude  must be proportional to 1/r. Thus a spherical wave
can be described mathematically by

W(r)= TAcos(kr - wt)
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2. Fraunhofer (Far-Field) vs. Fresnel (Near-Field) Diffraction

Onerarely attempts to cal culate exactly the propagation of alight wave through an optical system
and the space around it. There are 2 standard approximations to the exact formulation of wave
propagation and diffraction: the Fraunhofer and Fresnel approximations. Given the mathematical
complexity of the general formulations of these approximate theories (they rely heavily on multi-
dimensiona calculus), we only outline the regimes of their validity here, and give some specific
examples in the next sections.

 Fraunhofer (Far-Field) Regime: In this regime the wavefronts are essentially plane waves at both
the aperture (obstruction causing diffraction) and the screen (location we view the wave). The
Fraunhofer description is mathematically smple and very intuitive, but it is only valid when the
source, aperture, and screen are al very far apart or lenses are used to make plane waves.
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» Fresnel (Near-Field) Regime: In thisregime the wavefronts may be curved (e.g., spherical) at
the aperture and at the screen — the math is thus more complicated. But, as aresult we can
describe the diffracted wave more accurately very close to an aperture.

A very historically important example of Fresndl Diffraction is Poisson’ s Spot.
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3. Diffraction of Light Passing Through a Narrow Slit

What do we expect to seeif we try to “squeeze’ light through avery narrow dit? Firgt, the light
should spread out on the other side of the dlit (along the direction we tried to squeeze it), and
second, because diffraction is equivaent to interference, we should see interference fringes.
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Now let’ stry to predict this pattern more precisely using some mathematics. Look at a close-up.
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According to the Huygens-Fresnel Principle, the total wave amplitude at a point y on the screenis
the superposition of waves that originate from an infinite number of infinitesimally small point
sources in the aperture region. We can think of each point s on the wavefront inside the aperture
(where—a/2 < s< a/2) like a spherical-wave source with amplitude Ads (where Aq is the amplitude
per unit width, and dsis the width of each infinitesmally small source point).

If rg isthe distance from the point s = 0 on the optical axis to a point y on the screen, then the
contribution dy to the total amplitude on the screen fromthe pointat s=01is

dy(y) = AS—Olscosz(kr0 - wt).

o

For off-axis points for which s # 0O, the distance is longer or shorter than r by an amount A, so

dy(y) = Ads cogk(rp +8) - wt].

o +A
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To find the total amplitude yAy) we just add up all of the contributions from every point son the
aperture. But because thereis an infinite number of infinitesimally small points (of size ds), the
sumisactualy anintegral. Thatis

s=a/2
W(y)=dy, +dy, +dys +-- :Idw(y) = I . +AZ(s) cos[k(r0 +A(s)) - wt] ds.
s=-a/2

If we recognize that sin@ = A/s, then we see
A(s) =ssing.
Also, since A << r, then we may approximate the first factor in the integrand as

! o1
h+A 1y

However, we should keep the A inside the cosine factor, since
cog k(1o +A) -~ wt] = cog(kr ~ wt) cos(k ) ~ sin(kr ~ wt)sin(kA);
Thus regardless of how large A isrelativetorg, aslong asit islarge enough such that kA ~ 27z, or

A ~ A, then it can effect the size of the cosineterm asmuch asrg! Using these intermediate results,
we rewrite the integral expression for y(y) as

w(y) ala wfcos[k(r +ssind) - wt| ds="5 a}zcos[ (ksin6)s+ (ko — wt)] ds
0 0 :
0 32 o 32

All we need to do now is perform thisintegral. In caseyou arelittle rusty (or unfamiliar) with
derivatives and integrals of trigonometric functions, notice that

% %sin(ax + b)éz cos(ax +b).

Therefore, from the Fundamental Theorem of Calculus, it must be true that
J’cos(ax +b)dx = a%lsin(ax +b) + some constant .
Herex=s,a=ksing, and b = kry— at. Therefore we find for ¢(y) the following

s=a/2

(y) = rok/;‘:*n 5[ (ksin@)s - (kro - wt]]

s=—a/2

-5 (sin[kasinQ/Z - (ko ~ wt)] +sinfkasing/2 + (ko - “’t)])

roksin@
- Sln(kaSIne/Z) Asa. COS(kr —C()t)
kasin@/2 1 0
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where we have recognized that sin(—6) = —sin(6) and used the trigonometric identity
sin(6, +6,) +sin(6, - 6,) = 2sin(6;) cod6,).

Before calculating the intensity, it isworth pointing out an A sinc(x)
interesting function that has naturally occurred in the 1
analysis of diffraction from adlit: thefirst factor in the

expression for y(y) is caled the sinc function, where

. sin(x X
sinc(x) = )E ) . Thisfunction looks like: M/\ /\I\/I >
-4T[-31T-MT[ 0 71721 3m4n

The time-averaged intensity isjust the time-average of (2, or

;2 : 2,2
sin“(kasing/2) Afa

1) = (y? = cos?(kry — wt)).

W <l.U (y)> (kasinéP/Z)2 r02 < ( 0 )>

If we recognize the time-average of the cos? function is simply 1/2, and that kasin@/2 = rasind/A,
and we define the incident time-averaged intensity to be

<'o>=ﬁ

2

where [yCis just the intensity of the plane wave incident on the aperture, then the intensity isjust

sin?(rasing/A) _ . o .
(rasing) 1)’ =(lp) sinc®(rasing/A) |.

(1) =(lo)

Thus the time-averaged intensity has a peak in the center with smaller fringes on the sides.
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For small angles 6 (i.e., the screen is far from the aperture and we look close to the optical axis),
we may approximate sSinf 6. Then the first zeros on the sides of the central peak occur when

rasin@ _ mraf
[l =71, or
A A

[The angle (relative to optical axis) at which the first zeros occur is: 0=7/a.|
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So on the screen we see a pattern that looks like the following.
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If we use alensto ensure that we are in the “far field,” then 8 Oy/f, wheref isthe focal length of
the lens, and the zeros in the intensity pattern I(y) Coccur when

Y —mm (m=%1%2,..), or
Af
When the screenisin the focal plane of a lens the zeros occur at: ymzm% (m=x1,+2,..).

If we just look on a screen adistance L behind the aperture where L >> a,A, then 6 y/L, and so

When the screenisa distance L >> a, A away thezerosoceur at: Yy, = m%‘ (m=+1+2.)).

4. Diffraction from 2-Dimensional Apertures
a. Some Common 2-D Apertures:

Two common apertures that illustrate the characteristics of diffraction in 2 dimensions are the
rectangular and circular apertures. Diffraction of light through arectangular aperture is arather
straightforward extension of 1-dimensional diffraction from adlit, as shown in the diagram below.
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While the circular aperture is qualitatively similar, an accurate quantitative treatment of the pattern
requires more complicated mathematics (using beasts called “Bessel Functions’). However, the
main result is pretty simple, as shown in the diagram below.

“Airy Disc”

o
o
(o2}
[

b. Spreading of alL aser Beam by Diffraction:

Because alaser beam isinherently an attempt to confine light in the directions transverse to the
propagation direction, the light naturally triesto spread out, just asif it were forced through an
aperture!

a(0) (>:T 9'“%0) a(2)

Asyou might expect, the angle at which the light spreadsis still given by

A
6~—— al
20 | such that | a(2)

_ Az
ﬁ.

Because the |aser beam diameter is typically much greater the wavelength of light, or a(0) >> A,
then the angle at which the beam spreads, 6, is quite small!

As an example, consider the HeNe laser, for which A = 633 nm and atypical beam diameter is
a(0) ~0.5-1.0 mm ~ 0.633 mm. Therefore we find

-9
g~ 033X10 "M _ 143 ofians = 1 milliradian.
0.633x10°m

If we ask how far the beam must propagate before the diameter increases by afactor of 10, we find

a(0)
By

a(z) = @m 2(0)

_10a(0)®
A

zZ~ = 6.33 meters.
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c. Diffraction-Limited Spot at the Focal Point of aLens:

In geometrical optics we assume that an ideal (aberration-free) lensfocuses parallel raysto asingle
point one focal length away from the lens. In fact thisis not true, since the finite diameter of the
lensitself actslike an aperture for the incident light. Thus as soon as the light passes through the
lensit begins to spread out, yielding ablurred spot at the focal point.

0]

“Airy Disc”

Because this phenomenon is equivalent to diffraction of light passing through a circular aperture,
light around the focal point will exhibit an Airy Disc pattern. The only differenceis that the size of
the Airy Disc is now determined by the focal length f and diameter D of the lens:

The width w of the Airy Disc at the focal point of a lensis given by: w= 1'2? f .

If ray aberrationsin an optical system can be controlled such that all of the raysleaving agiven
object point land inside of the Airy Disc associated with the corresponding image point, we say we
have Diffraction-Limited Imaging. (Thisis the absolute best you can do for an optical system that
has lenses of afinite diameter!)
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