WORKING WITH 

SMALL SAMPLES

(Student’s t-distribution)

NOTES & EXAMPLES
Working with 
SMALL SAMPLES

Student's t-distribution
If the sample size n > 30, then the normal distribution can be used.  For a smaller sample size, you should use the Student's t-distribution where 
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n
=
sample size.

Tabulated values of ( (number of degrees of freedom) are given for the t-distribution.  In this case ( = n-1.

Two-sided tabulation, (ideal for finding confidence intervals)
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Note the distribution (standardized form) is given by
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where k(() is chosen so that [image: image6.wmf]f
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Also note that for this distribution 

Mean

( = 0


Variance
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The statistical number of degrees of freedom is very similar to the mechanical concept.  For a sample of size n, we can choose (n - 1) of our x's at will, but as we are testing the hypothesis that sample mean ( population mean, the last of our x's is fixed.

EXAMPLE
A sample of 10 measurements of a certain distance has a mean of [image: image8.wmf]x

 = 4.38 Km and standard deviation S = 0.06 Km.  Find (i) 95%, (ii) 99% confidence limits for the actual distance.

Solution
Sample size n = 10, number of degrees of freedom ( = 9 :

t – distribution
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(i)
95%:
t = + 2.262 (from table).

So

( = 4.38 + (2.262)(0.02) = 4.38 + 0.045 Km,  

i.e. ( lies between 4.335 to 4.425 Km

(ii)
99%:
t = + 3.25

So

( = 4.38 + (3.25)(0.02) = 4.38 + 0.065 Km

i.e. 4.315 to 4.445 Km

Thus the message is:-

· If the population variance is not known, use
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with 
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· If the population variance is known, use
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Note:  as 
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EXAMPLE
The first five measured dimensions of a machine process after a new setting are 0.5045, 0.5050, 0.5060, 0.5035, 0.5055 metres.

(1) Between what limits would you expect the mean to lie with 95% probability?

(2) Re-work the analysis if it is known from long experience that the std.dev. of the process is 0.001 metres.

Solution

(1) With ( unknown (hence has to be estimated from the sample).
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	0.5045
	-0.0004
	16 x 10-8

	0.5050
	+0.0001
	1 x 10-8

	0.5060
	+0.0011
	121 x 10-8

	0.5035
	-0.0014
	196 x 10-8

	0.5055
	+0.0006
	36 x 10-8
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Thus
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Thus the 95% limits are t = + 2.776.

So
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(2)
With ( known, use normal distribution
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and the 95% limits are u = ( 1.96.

So
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c3-Poisson

						Poisson Distribution

		x

		0		0.3678794412		0.1353352832		0.006737947		0.0000453999		1.92874984796392E-22

		1		0.3678794412		0.2706705665		0.033689735		0.0004539993		9.64374923981959E-21

		2		0.1839397206		0.2706705665		0.0842243375		0.0022699965		2.4109373099549E-19

		3		0.0613132402		0.1804470443		0.1403738958		0.007566655		4.01822884992483E-18

		4		0.01532831		0.0902235222		0.1754673698		0.0189166374		5.02278606240603E-17

		5		0.003065662		0.0360894089		0.1754673698		0.0378332748		5.02278606240603E-16

		6		0.0005109437		0.012029803		0.1462228081		0.063055458		0

		7		0.000072992		0.0034370866		0.104444863		0.0900792257		0

		8		0.000009124		0.0008592716		0.0652780393		0.1125990321		0

		9		0.0000010138		0.0001909493		0.0362655774		0.1251100357		0

		10		0.0000001014		0.0000381899		0.0181327887		0.1251100357		0

		11		0.0000000092		0.0000069436		0.0082421767		0.1137363961		0

		12		0.0000000008		0.0000011573		0.0034342403		0.0947803301		0.0000000001

		13		0.0000000001		0.000000178		0.0013208616		0.0729079462		0.0000000004

		14		0		0.0000000254		0.0004717363		0.0520771044		0.0000000014

		15		0		0.0000000034		0.0001572454		0.0347180696		0.0000000045

		16		0		0.0000000004		0.0000491392		0.0216987935		0.0000000141

		17		0		0		0.0000144527		0.0127639962		0.0000000414

		18		5.7459851311446E-17		0		0.0000040146		0.007091109		0.0000001149

		19		3.02420270060242E-18		0		0.0000010565		0.0037321626		0.0000003024

		20		1.51210135030121E-19		0		0.0000002641		0.0018660813		0.0000007561

		21										0.0000018001

		22										0.0000040912

		23										0.0000088939

		24										0.0000185289

		25										0.0000370579

		26										0.0000712651

		27										0.0001319724

		28										0.0002356651

		29										0.0004063191

		30										0.0006771985

		31										0.0010922556

		32										0.0017066493

		33										0.0025858323

		34										0.0038026946

		35										0.0054324209

		36										0.007545029

		37										0.0101959851

		38										0.0134157699

		39										0.017199705

		40										0.0214996312

		41										0.0262190624

		42										0.0312131696

		43										0.0362943832

		44										0.0412436173

		45										0.0458262414

		46										0.049811132

		47										0.052990566

		48										0.0551985062

		49										0.0563250063

		50										0.0563250063

		51										0.0552205944

		52										0.0530967254

		53										0.0500912504

		54										0.0463807874

		55										0.0421643522

		56										0.037646743

		57										0.0330234588

		58										0.028468499

		59										0.0241258466

		60										0.0201048721

		61										0.0164794034

		62										0.0132898415

		63										0.0105474932

		64										0.0082402291

		65										0.0063386377

		66										0.0048019983

		67										0.0035835808

		68										0.0026349859

		69										0.0019094101

		70										0.0013638643

		71										0.0009604678

		72										0.0006669916

		73										0.0004568435

		74										0.0003086781

		75										0.0002057854

		76										0.0001353851

		77										0.0000879124

		78										0.0000563541

		79										0.0000356672

		80										0.000022292
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C4-normaldist

		

		0		1

		0.2		0.8187307531

		0.4		0.670320046

		0.6		0.5488116361

		0.8		0.4493289641

		1		0.3678794412

		1.2		0.3011942119

		1.4		0.2465969639

		1.6		0.201896518

		1.8		0.1652988882

		2		0.1353352832

		2.2		0.1108031584

		2.4		0.0907179533

		2.6		0.0742735782

		2.8		0.0608100626

		3		0.0497870684

		3.2		0.040762204

		3.4		0.03337327

		3.6		0.0273237224

		3.8		0.0223707719

		4		0.0183156389

		4.2		0.0149955768

		4.4		0.0122773399

		4.6		0.0100518357
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Exp decay

x

l



UniformDist

		x		N(0,1)

		-4		0.0001338302

		-3.8		0.0002919469

		-3.6		0.0006119019

		-3.4		0.0012322192

		-3.2		0.0023840882

		-3		0.0044318484

		-2.8		0.0079154516

		-2.6		0.0135829692

		-2.4		0.0223945303

		-2.2		0.0354745928

		-2		0.0539909665

		-1.8		0.0789501583

		-1.6		0.1109208347

		-1.4		0.1497274656

		-1.2		0.194186055

		-1		0.2419707245

		-0.8		0.2896915528

		-0.6		0.3332246029

		-0.4		0.3682701403				-0.4		0				0.4		0

		-0.2		0.391042694				-0.4		0.3682701403				0.4		0.3682701403

		0		0.3989422804

		0.2		0.391042694

		0.4		0.3682701403

		0.6		0.3332246029

		0.8		0.2896915528

		1		0.2419707245

		1.2		0.194186055

		1.4		0.1497274656

		1.6		0.1109208347

		1.8		0.0789501583				1.4		0

		2		0.0539909665				1.4		0.1497274656

		2.2		0.0354745928

		2.4		0.0223945303

		2.6		0.0135829692

		2.8		0.0079154516				2		0

		3		0.0044318484				2		0.0539909665

		3.2		0.0023840882

		3.4		0.0012322192

		3.6		0.0006119019

		3.8		0.0002919469

		4		0.0001338302

																		2		0

																		2		0.0539909665

																		-2		0

																		-2		0.0539909665
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		k		combin(8,k)		p^k		q^{n-k}				b(k;n,p)		n=8; p=q=1/2

		0		1		1		0.00390625		0.00390625		0.00390625

		1		8		0.5		0.0078125		0.03125		0.03125

		2		28		0.25		0.015625		0.109375		0.109375

		3		56		0.125		0.03125		0.21875		0.21875

		4		70		0.0625		0.0625		0.2734375		0.2734375

		5		56		0.03125		0.125		0.21875		0.21875

		6		28		0.015625		0.25		0.109375		0.109375

		7		8		0.0078125		0.5		0.03125		0.03125

		8		1		0.00390625		1		0.00390625		0.00390625

				NormDist		mean=np=4		Var=npq=2

		0		0.0051667463

		1		0.0297325723

		2		0.1037768744

		3		0.2196956447

		4		0.2820947918

		5		0.2196956447

		6		0.1037768744

		7		0.0297325723

		8		0.0051667463
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		x		x		x		N(-2,1)		N(0,1)		N(2,1)				N(0,0.25)		N(0,4)

		-4		-6		-2		0.0001338302		0.0001338302		0.0001338302				0		0.0269954833

		-3.8		-5.8		-1.8		0.0002919469		0.0002919469		0.0002919469				0		0.0328079074

		-3.6		-5.6		-1.6		0.0006119019		0.0006119019		0.0006119019				0		0.0394750792

		-3.4		-5.4		-1.4		0.0012322192		0.0012322192		0.0012322192				0.0000000001		0.0470245387

		-3.2		-5.2		-1.2		0.0023840882		0.0023840882		0.0023840882				0.000000001		0.0554604173

		-3		-5		-1		0.0044318484		0.0044318484		0.0044318484				0.0000000122		0.0647587978

		-2.8		-4.8		-0.8		0.0079154516		0.0079154516		0.0079154516				0.0000001237		0.0748637328

		-2.6		-4.6		-0.6		0.0135829692		0.0135829692		0.0135829692				0.0000010722		0.085684296

		-2.4		-4.4		-0.4		0.0223945303		0.0223945303		0.0223945303				0.0000079226		0.0970930275

		-2.2		-4.2		-0.2		0.0354745928		0.0354745928		0.0354745928				0.0000498849		0.1089260885

		-2		-4		0		0.0539909665		0.0539909665		0.0539909665				0.0002676605		0.1209853623

		-1.8		-3.8		0.2		0.0789501583		0.0789501583		0.0789501583				0.0012238039		0.1330426249

		-1.6		-3.6		0.4		0.1109208347		0.1109208347		0.1109208347				0.0047681764		0.1448457764

		-1.4		-3.4		0.6		0.1497274656		0.1497274656		0.1497274656				0.0158309032		0.1561269667

		-1.2		-3.2		0.8		0.194186055		0.194186055		0.194186055				0.0447890606		0.1666123014

		-1		-3		1		0.2419707245		0.2419707245		0.2419707245				0.107981933		0.1760326634

		-0.8		-2.8		1.2		0.2896915528		0.2896915528		0.2896915528				0.2218416694		0.1841350702

		-0.6		-2.6		1.4		0.3332246029		0.3332246029		0.3332246029				0.38837211		0.1906939077

		-0.4		-2.4		1.6		0.3682701403		0.3682701403		0.3682701403				0.5793831055		0.195521347

		-0.2		-2.2		1.8		0.391042694		0.391042694		0.391042694				0.7365402806		0.1984762737

		0		-2		2		0.3989422804		0.3989422804		0.3989422804				0.7978845608		0.1994711402

		0.2		-1.8		2.2		0.391042694		0.391042694		0.391042694				0.7365402806		0.1984762737

		0.4		-1.6		2.4		0.3682701403		0.3682701403		0.3682701403				0.5793831055		0.195521347

		0.6		-1.4		2.6		0.3332246029		0.3332246029		0.3332246029				0.38837211		0.1906939077

		0.8		-1.2		2.8		0.2896915528		0.2896915528		0.2896915528				0.2218416694		0.1841350702

		1		-1		3		0.2419707245		0.2419707245		0.2419707245				0.107981933		0.1760326634

		1.2		-0.8		3.2		0.194186055		0.194186055		0.194186055				0.0447890606		0.1666123014

		1.4		-0.6		3.4		0.1497274656		0.1497274656		0.1497274656				0.0158309032		0.1561269667

		1.6		-0.4		3.6		0.1109208347		0.1109208347		0.1109208347				0.0047681764		0.1448457764

		1.8		-0.2		3.8		0.0789501583		0.0789501583		0.0789501583				0.0012238039		0.1330426249

		2		0		4		0.0539909665		0.0539909665		0.0539909665				0.0002676605		0.1209853623

		2.2		0.2		4.2		0.0354745928		0.0354745928		0.0354745928				0.0000498849		0.1089260885

		2.4		0.4		4.4		0.0223945303		0.0223945303		0.0223945303				0.0000079226		0.0970930275

		2.6		0.6		4.6		0.0135829692		0.0135829692		0.0135829692				0.0000010722		0.085684296

		2.8		0.8		4.8		0.0079154516		0.0079154516		0.0079154516				0.0000001237		0.0748637328

		3		1		5		0.0044318484		0.0044318484		0.0044318484				0.0000000122		0.0647587978

		3.2		1.2		5.2		0.0023840882		0.0023840882		0.0023840882				0.000000001		0.0554604173

		3.4		1.4		5.4		0.0012322192		0.0012322192		0.0012322192				0.0000000001		0.0470245387

		3.6		1.6		5.6		0.0006119019		0.0006119019		0.0006119019				0		0.0394750792

		3.8		1.8		5.8		0.0002919469		0.0002919469		0.0002919469				0		0.0328079074

		4		2		6		0.0001338302		0.0001338302		0.0001338302				0		0.0269954833
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