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Chapter 3
Finite Difference M ethods



3.1 Introduction
f.o A generic transport equation
dpujo 0
aZUj N 8:1:]-

(T=——) + go- (3.15°%&P)

833]'
® In Cartesian Coordinates,

dpu@ N Opvo N Opwo _ 0

)0 0 ,_0¢ 0 0
-
Ox 0y 0z &L’( 890) i oy

(T

® Simplifications
o Convection Terms
o Diffusion Terms
® Source Term

L » Unsteady Term (Ch. 6)
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3.2 Basic Concept
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® First step is to discretise the geometric domain
# A numerical grid (or computational mesh) must be defined.

o Each node is uniquely identified by a set of indices, 7 in 1D,
L (4,7) in 2D & (i, 4, k) in 3D.
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3.2 - 1D Discretisation
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Divide the computational domain (L) using N grid points (or
mesh points or nodes).

$ Iy, r9, r3y...,Tj—1, iy Lj+1y9+++3LN—-2, TN—-1, LTN-

o Ax; Is the distance between the neighbour grid points.
Each node has one unknown variable associated with it, f;.

» Velocity, pressure, temperature, density, etc.

» f17 f27 f37"'7fi—17 fi) f’i—|—17"'7fN—27 fN—17 fN
Domain size L = 1 & grid spacing Ax = 0.2
$ T, X2, T3, T4, T5, T6-
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3.2 - Discretisation

® Each node has one unknown variable associated with it.

s 1D: f17 f27 f37"'7fi—17 fi) fi—|—17"°7fN—27 fN—17 fN
» 2D: fi1, fo1, fan,---s ficigs figs fiv1gs - NN, INN-
» 3D: fi11,f211, /310, fict ks Jijks fit1,5ks -+ r NN N-
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3.2 Basic Concept - Cont’d

® Uniform vs. Non-uniform grids

® Structured vs. Unstructured.

.
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3.2 Basic Concept - Cont’d

&
=
[
=

® Each node has one unknown variable associated with it.

Opu;p 0 [0J0) Fa P
— . A
r;,  Or; (Faxj) + 45 (3 )

® 1D: f17 f27 f37°"7f’i—17 f’i7 fi—|—17~-'7fN—27 fN—17 fN
® 2D: fi1, fi2, f1.3,---5 fim14, figs fiv14s-- s INN=1, NN
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3.2 Basic Concept - Cont’d
- o

® Replacing each term of the PDE by a finite-difference
approximation.

%
8£Ej

dpujp 0

I
&L‘j 837](

) + qo- (3.1F&P)

o Convection Terms,
o Diffusion Terms,

o Source Term.
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3.2 Basic Concept - Cont’d
-

® A generic transport equation

Opu ;¢ _ 0 T )0
a{Ej 8:1:]- 8:13]'

) + qo- (S.IF&P)

® The numbers of equations and unknowns must be equal

8pujqb1 8(/51
f— 1
(9,0Uj¢2 8¢2

— 2
gr; Oz (aa:]H%’ )

dpujon ( aQbN
0x

) + . (N)

&cj (9
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3.2 - Finite Difference Approximations

) Exact Backward

Ax; | Axyy

;. |

i-2 i-1 i i+1 I+2 X

® The idea behind FD Approximations is borrowed directly from
the definition of a derivative

aN o flm+ Az) — f(x) o P
<dw)xi B Alalcrgo Ax ' (32770

® As the grid is refined (smaller Ax), the approximation improves.
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3.2 - Finite Difference Approximations

) Exact Backward

& o —&

i-2 i-1 i i+1 I+2 X

® Three Approximations
» Forward difference: f(x;) and f(z; + Ax),
» Backward difference: f(xz; — Ax) and f(z;),
» Central difference: f(z; — Ax) and f(x; + Ax).

.
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Taylor Series Expansion

- | | -

® Taylor Series Expansion

s Any continuous differentiable function f(x) can, in the
vicinity of x;, be expressed as a Taylor series:

2 3
f(x) = fi+Ax <g£) +— Aa: (g;f) +— A:U (ga:];) +

—A:L‘ <M> +H. (3.3F%P)

n' ox™
» where H means all remaining HIGHER ORDER TERMS.

® Expressions for the variable values in terms of the variable and
Its derivatives at x;.

of\ (Of\ (0f o f
()90,
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3.3 - Forward Difference: &L

- -

® Each node has one unknown variable associated with it.
® T1,T9,T3,...,L;—-1,LiyLit1y.--3 LN—2,TN—_1,LN-
s f1,f2 f35- -5 Jimts Jiy Jir1s oo IN—2, N1, IN-
#® Finite Difference Formulae can be easily derived
o By replacing z by z;.1.
of 1. o (0%f o’ f
L fiv1 = fi + Az <8x> iA:c (03}2) + S'Aa: (6m3> + H.
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3.3 - Forward Difference: &L
B | o

® Taylor Series of f;,1 at ;1.

0 O? o3
s () (5) e (3,

® Rearranging Eqgn. (3.3) and dividing by the finite-difference Ax

gives
of  fimi—fi 10°f 19°f F&P
9] _ A N A 4
Ox Az 2! Ox? A 3! 0x3 Az® 4 H, S )

o The first term is a Finite Difference Approximation.
» The nextterm is the Leading Error term: O(Ax). ?

®The exponent of Az in O(Ax®) is the order of accuracy of the method.

.
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3.3 - Forward Difference- Cont’d
- | | | o

® Formula (3.4) is usually recast in the following form

Of _ fit1 — fz PP
i O(Ax). 3.7°7)

o This is referred to as the first-order forward difference.

» The exponent of Ax in the leading error term is the order of
accuracy. ?2

» Itis a useful measure of accuracy.

» It gives an indication of how rapidly the accuracy can be
iImproved with the refinement of the grid spacing.

%The higher order terms in the Taylor series expansion are much smaller than

the leading term.
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3.3 - Forward Difference- Cont’d
s o

of _ fix1—fi
ox Ar

ui+1

Predicted du/dx

® Truncation Error:
s T.E. ~ O(Ax).

¥ True gu/dx
|
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3.3 - Backward Difference: &L

f.o By expanding f;_1 about the point z;.

o of 1. o [(0%f 1. 5 (0°f
fz‘l_fzm(ax)ﬁz!m (5@2)7; T W ﬁH‘

® Similarly, rearranging the above Eqn. (3.3) and dividing by the
finite-difference Az gives

A 2 3
OF _Jizwi  LOT N, LOTN2 . gsren

or  Ax 2! 0x? 3! 0x3
o The first term is a Finite Difference Approximation.

» The next term is the Leading Error term: O(Ax).
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3.3 - Backward Difference- Cont’d
- o

® Formula (3.5) is usually recast in the following form
0 i — fi
f_fi—Jima N

7 FP
9 A, O(Ax). (3.8°1)

o This is referred to as the first-order backward difference.

of _ fi—fi
Ox Ar

® Truncation Error:
s T.E. ~ O(Ax).
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3.3- Central Difference: 4.

- | o

® Taylor Series of fir1 & f;—1 at both Tit1 & ;1.

0 0> o3
et () 300 () (32) o

of n] 5 f

® The widely used central difference formula can be obtained
from subtraction of two Taylor series expansions.
Of  fix1i—ficn 10°f 19°f

— = _ 2N A H GF&P
Ox 2Ax 3! 0x3 5! Ox® vt (3.0 )
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3.3 - Central Differences- Cont’d
- o

® Formula (3.6) is usually recast in the following form
of _ fix1 — fim N

_J 2 FP
9 AL O(Az”). (3.8"1)

o This is a second-order formula.

of _ fix1 — fia
Oz 2Ax

® Truncation Error:
s T.E.~ O(Az?).

Predicted du/dx
u/dx

. ]
Xi-l Xi Xi+1 X
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3.3-Truncation Errors

-

® Numerically evaluated at x = 4.

® The absolute values of the differences from the exact solution.

101 i_—.-—2nhcic())rds.=r 3 . .
102 o e ) S . _ sinx
10°3 e S e = .' 3 f([l?) — 3
107 - : : =
1075 3 ® With Az =0.1
5107 3
D 40 7 A gl © fi—l = —00115943,
10-8 ] S e Rt Il (N A
BOUPYRS I e S I 5 T I & f = —0.0118250,
10-10_; I : % s rozmass ,,,,,,,,,,,,
10711 4 —— g - S— ® .1 =-0.0118726.
1012 : ﬁ | 1 —r
0 1

10 10 10° 162  1g" 10 10

h -- grid spacing
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3.3 - Fourth Order Accuracy
-

#® In general, we can obtain higher accuracy if we include more
points.

s Fourth Order Accuracy: T.E. ~ O(Az?).

® Taylor Series of f; 12, fit1, fi-1 & fi—o @t x40, Tip1, Ti—1 &

Li—2.

0 1 0? 1 BE
Jire = fi + 2Ax <8£) .(QAZU) <8:Bf) (2A$) (8x€) +H,
2 3
Jit1 = Ji + Aw (gi) + A:c <gxf) + A:U (ga:];) + H,
8]’ 6’2]‘ @3]0

O? 1 o3
\_ Jie 2—f@—2A;U< f) 2.(2Ax) (ax];) —5(2AQE) (0;13];) + H.
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3.3- Fourth Order Accuracy - Cont’d
f.o Rearranging the above equations and dividing by the
finite-difference Az gives
Of  —firo+8fiy1 —8fic1+ fica 4 0°f

- = —Z Az 4+ H.
ox 12Ax +5! oxd vt

Of  —fiva +8fiv1 —8fi—1 + fi—2 4 F&P
) Ax™). 14
- 5AG + O(Az™) 3 )

® Fourth Order Accuracy: T.E. ~ O(Az?).

» Requires four grid points to achieve the fourth order
accuracy.
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3.3 - Higher Order Accuracy
- o

# Second-Order Accuracy: T.E. ~ O(Az?).
» Requires Two grid points, x;11 & x;_1.

of _ fir1 — fim
Ox 2Ax

® Fourth-Order Accuracy: T.E. ~ O(Azx?).

» Requires Four grid points at x;192, T;11, T;—1 & x;_9.

+ O(AZ?). (3.95F)

Of  —firo+8fit1 —8fi1+ fio

4 F&P
9 AL + O(Az™).  (3.147%5)

# N-th Order Accuracy: T.E. ~ O(AzY).

» Requires N grid points to achieve the N-th order accuracy.
\_ s Taylor Series of f;\n/o,..., fix1, fio1,--- & fiiny2-
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3.3- High Order Accuracy - Cont’d
-

# N-th Order Accuracy: T.E. ~ O(AzY).
» Requires N grid points to achieve the N-th order accuracy.

» The main difficulty with the higher order formulae occurs
near boundaries of the domain. 2

o For example, the derivative of f at x; would require the
value of f at x_; which is not available.

» In practice, to alleviate this problem, we utilise lower order
or non-central formulae near boundaries.

%They require the functional values at points outside the domain, which is not

available.

. -
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3.4 Second Order Derivative; %
. | | o

® Similar formulae can be derived for second order or higher
order derivatives. @

of 0 f 0 f
o= 8 (2) + et (25 + B (20

of 02 f 03 f
1= fi — — —= ——A — H.
Jimi=Ji— Aw (8$) i ACE (8:132> 31" <8x3 i+
® After minor rearrangement, we get
O f

O*f  fiy1—2fi+ fz‘— 9 FP
@ — A2 A 87 + H. (3.307 )

4Second order central difference formula for the second derivative is derived

by adding two Taylor Series of f;11 & fi_1
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3.4 - Higher Order Accuracy: O(Axz?)
f.o Second Order Accuracy: O(Ax?)
f  fix1—2fi+ fima

5 = A3 + O(Az?). (3.301F)

® Fourth Order Accuracy: O(Az?)

O°f  —fira+16fiy1 —30fi +16f; 1 — fi» N

4
o2 12A22 O(Az7).

(3.325°&P)

s Taylor Series of f; n/2,- - fit1, fim1,--- & fi—njp @t N
points.
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3.4 Third Order Derivative: &U
. | | o

® Similar formulae can be derived for higher order derivatives.

of 0° f 03 f
fir1 = Jfi + Az (83}) + Aa: ((933) +3'A:1; (M’)i+H’

. of o (O f O3 f
s (ax)ﬁz!m (), 3 (), o+

® Second Order Accuracy

Of  fira—2fir1 +2fi1 — fio
ox3 2A 13

® Fourth Order Accuracy

+ O(Ax?).

Ff _ —fivs +8fire —13fiy1 + 13fi1 —8fia + fis

L Ox3 SAx3

+ O(Az?).
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First Order Accuracy: O(Ax)
-

® FORWARD & BACKWARD DIFFERENCES

® Forward Difference

g . fz—l—l fz FP
5 Ad O(Ax). 3.771)

® Backward Difference

ﬁ o fz — fi—l FP
9 Ag + O(Ax). 3.877)
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Second Order Accuracy: O(Az?)
B

® CENTRAL DIFFERENCES

® First Derivative

of  fix1— fima 2 FP
9. 9As + O(Az*). 3.977)

® Second Derivative

0°f  fiy1 —2fi+ fin 2 FP
i N + O(Az?). (3.30° %)

® Third Derivative

O  fiva — 2fir1 +2fic1 — fi2 5

.
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Fourth Order Accuracy: O(Axz?)

CENTRAL DIFFERENCES

First Derivative

Of —firo+8fix1 —8fi—1+ fi—o 1 F&P
— ° 014
o oAG + O(Azx”™) 3 )

Second Derivative

52_f _ —fira + 1641 — 304 +16fi—1 — fio N
Ox? 12Az2

O(Az?).
(3.325°&P)

Third Derivative

OFf  —firs+8fira — 13fiy1 + 13fic1 — 8fia + fis

93 SALS +0(Azh).
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Finite Difference Method for Elliptic PDE
- .

#® Elliptic PDE: Laplace equation

0%u  O%u

® FDM: Using Central Differences with Second Order Accuracy

O*u w1 — 2u; + Ui
Ox? Ax?

=L L O(Ay). (3.307°")

+ O(Az?),

® Resulting Finite Difference Equation (FDE) is

Uity = 2ij +Uio1g | Uigh1 T 2Uig T Uil
= fis.
Ax? Ay? J

. -
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One-Dimensional FDM
- o

#® Elliptic PDE: Laplace equation

82
o = f(@).

® Using Central Differences with Second Order Accuracy

Uit1 — 2U; + Ujm1 0
A2 v

® Multiplying Az? & rearranging, FDE is

Ui—1 — 2U; + Ujr1 = fi-

1
» where a = A2 & fi = gi/ .

. -
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One-Dimensional FDM

#® Divide the computational
@ = f(z). domain into N X steps
O (control volumes).

® Apply the FDE to the interior

points
Ax ® Tro, T3y...,Ljy..., TNX.
e
o O o0 o0 O©° ® x1& rNx11 are boundary
2 i i+1 NX  NX+1 :
points.

® Domainsize L=1&
Ax = 0.2

~ y £2, X3, L4, I5,

Ui—1 — 2u; + Uiy1 = J;.

» 11& x¢ are boundary.
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3.8 Algebraic Equation System
-

U1l — 2u2 + u3z = f9

ug — 2us + ug = f3,
Ui—1 — 2u; + ujr1 = fi,

UNX—2 — 2UNX_1+UNX = fNx_1,

UNx-1—2unNx +unxs1 = fnx.

® Here, NX Is the number of Az and we have NX — 1 number of
equations for uo, ug, ug, ... Ujs .. . , UNX—2, UNX—1, UNX -

® v and uyxq are boundary values. —
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3.8 - Linear Algebraic Equation
-

® Finite Difference Equations, (FDE) are
Ui—1 — 2U; + Uir1 = [;.

® The result of discretisation is a system of linear algebraic
equations:

Apop+ Y Aipy = Qp, (3.425°4F)
[

» P denotes the node at which the FDE is approximated,
# Index [ runs over the neighbour nodes involved in FDA.
s Ap=-2, Ay =1& A =1,

® Qp=Ji

. -
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3.8 - Matrix Equationsfor 1D FDM
- o

® The result of discretisation is a system of linear algebraic

equations:
(2 1 N[ =\ [ fuw )
1 -2 1 us3 f3
1 -2 1 u; = f;

1 -2 1 UNX—1 INx—1

\ 1 —2) \ UN X ) \fNX_UNX—H)




3.8 - Matrix Equations- Cont’d
-

® Algebraic Equation:

Ao =Q. (3.435°%F)
( -2 1 \ ( fo—w \
1 -2 1 /3
A = 1 —2 1 7Q — f’& )
1 -2 1 JNx -1
\ 1 -2 ) \ fNx —unx+1 )
and ¢ — (’U,Q, U3y ..oy Uiy .- - UNX -1, uNX)T

.




1-D Navier-Stokes Equation

-

#® Elliptic PDE: Laplace equation

o
Re 0y? dz’

® Using Central Differences with Second Order Accuracy

1 Ujr] — QUj -+ Uj—

1

Re Ay?

dp

dx

® Multiplying ReAy? & rearranging, FDE is

Uj—1 — 2u]‘ T+ Ujt] =

dp

dx

Re/a.

N 1
» W erea:A—y2.

.
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One-Dimensional FDM

1 0%u _dp
Re 0y?  dz’
AX
O o o o @—O
1 2 [ i+1 NX NX+1
dp

Uj—1 — 2u]' T Ujtp1 =

Re/a.

Divide the computational
domain into N X steps
(control volumes).

Apply the FDE to the interior
points

® Tro, T3y...,Ljy..., TNX.
® x1& rNx11 are boundary
points.

Domainsize L. =1.2 &
Az = 0.2
S sy L2, X3, T4, L5, Tg

» x1& x7 are boundary.
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3.8 Algebraic Equation System
-

up — 2ug +uz = fo/a,
uz — 2u3 +ug = f3/a,
uz — 2uq + us = fa/a,
us — 2us + ug = f5/a,

us — 2ug + uy = fg/a.

® Here, NY =6 Is the number of Ay = 0.2 and we have
NY — 1 = 5 number of equations for us, usz, ug, us, ug.

® u; and u; are boundary values.

o j=1C

B -~
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3.8 - Matrix Equationsfor 1D FDM
- o

® The result of discretisation is a system of linear algebraic

equations:
/—2 1 \ (uz\ (f2/oz—u1\
1 -2 1 us f3/a
1 -2 1 uy | = fa/a

1 -2 1 f5/cx

\ )\

® At walls, due to no-slip boundary condition, u1 = 0 & uy = 0.

.
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X = (’U,l,UQ,’U,g,UNX_l,’U/NX) -

.

Tri-Diagonal Matrix

/ bl C1
a9 b2
a3

\

C2

b3

AX

B

C3

anx—-1 Onx—1 cNx-1

AN X

T

bnx )

fo
J3

INx—1

K Inx )




TDMA: ThomasAlgorithm
| o

n upper triangular form of the tridiagonal matrix may be obtained
by computing the new b; by

and the new f; by

fi:fi_%fi—la 7::2737"'7NX7
1—1

then computing the unknowns from back substitution according to
UNX — fNX/bNX and then

fk—gk“’““, k=NX—1NX—-2,....21
k

. -

ES440/ES911 CFD : Chapter 3 February 8, 2005 — p. 45/«

U —



3.8 - Matrix Equations- Cont’d
-

® Algebraic Equation:

Ao = Q. (3.437°4F)
( -2 1 \ ( f2/a—wu \
1 -2 1 f3/a
A= 1 -2 1 ,Q = f4/a ,
1 -2 1 f5/a

K 1 —2) \f6/oz—1w)

T
and ¢ — (UQ,U37U4,’U,5,’U,6) :

.




Solution to 1D Matrix Equations
f.o Direct solver using Gauss elimination.

#® Tri-Diagonal Matrix Algorithm.

® More details on Martix Computation (Ch. 5)
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Exampleof First-Order ODE
- .

® Heat Tranfer for Conduction:

d*T
—— T W(T,—T)=0
o Computational domain: 0 < x < 10.

e Ty =40, Tyx =200,T, =20 & h' = 0.01.

® Using the second-order central difference

Tiv1 — 20+ 15

X
1 2 1
Az Tt~ (mz ¥ h) Ti+ ggatin = ~N

® Finite Difference Equation (FDE) is

L al;_1 — (205 -+ h/) T +al;11 = —h/Ta o
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3.11 Example
f.o The generic transport equation is.

Opu ;¢ o0 )0, Fa P
= — | ['—— . Nl
axj 3xj ( 8:1;) —I_ qu (3 )

® A one-dimensional generic transport equation is.

dpup é % F&P
or  Ox (F&L‘) ' (3.1777)

o With the boundary conditions: ¢ = ¢g at x = 0, ¢ = ¢, at
r = L.

» The density p and the velocity « are assumed constant.

. -
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