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Chapter 3
Truncation Errors



First Order Derivative: 4L

® First Order Forward Difference

af . fH—l fz (AZE) (37FP)

or Ax

® Second Order Central Difference

of _ Jix1 — fia 2 FP
o 9AL + O(Az*). 3.977)

® Third Order Forward Difference

Of  —fixa+6fix1 —3fi —2fi—1 3 F&P
- A + O(Az?) (3.137%7)

® Fourth Order Central Difference

Of  —fira+8fix1 —8fi1 + fi—2 +O(AZY).  (3.14F%P)

o or 127
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1-Dimensional Discretisation
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Divide the computational domain (L) using N grid points (or
mesh points or nodes).

$ Iy, r9, r3y...,Tj—1, iy Lj+1y9+++3LN—-2, TN—-1, LTN-

o Ax; Is the distance between the neighbour grid points.
Each node has one unknown variable associated with it, f;.

» Velocity, pressure, temperature, density, etc.

» f17 f27 f37"'7fi—17 fi) f’i—|—17"'7fN—27 fN—17 fN
Domain size L = 1 & grid spacing Ax = 0.2
$ T, X2, T3, T4, T5, T6-
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Truncation Errors

® |et's consider f(x) =sinx atz = 1.

First derivative
O
ol

1
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® With

|
I LI

Sine function

=
(03]
LI

Ar = 1:

® For higher order

methods,
[ T IR SRR . _
3 4 5 6 ® Ti—p=—1
Ax, grid spacing o it 3
i p—
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Truncation Errors

- -

® |et's consider f(x) =sinx atz = 1.

) ® Using FDM,
[ ——e— LstOrder Forward numerically evaluated
0.8 T 4t order contral atz = 1.
of  firnn—Ji
g ox Ax
3 Oof  fit1— fima
ox 2Ax
® The exact solution.
df

= cos(x).

dx

Ax, grid spacing

. -
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Truncation Errors

- - o

® Errors of Finite Difference Approximations at x = 1.

® Az=10"1=0.1
Ax): 0.07
2

- Qe ]St Order Forward
10'1 - s 20nd Order Central
- = 31 Order Forward

O(
102k —— 4th Order Central (A.CC ) 0002
10° O(Az?): 0.0001
;0 O(Az*): 0.000005

® Az =107

10‘9 i cnd ol e A Al

(
s O(

107 10° 10° 10* 10° 10% 10* 10° 10 s O(Az3):1x107"7
s O(

AXx, grid spacing

L O(Az?): 1 x 107
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Truncation Errors
f.o Grid spacing Ax requirement at x = 1.

® Forerror < 1072

10°F e 2nd order Cental s O(Az):0.03 (200)
= (e 3rd Order Forward

102k == 4th Order Central - O(ACCQ) 0.4 (15)

10" s O(A2%): 0.6 (10)

210 s O(AzY): 1.0 (6)

® Forerror <107'

s O(Az):3x 1077
| s O(Ax?):1x107?
10% 10% 10° 10 s O(Az%):1x1072
s O

10‘9 i ol el
107 10° 10° 10 10°

AXx, grid spacing

L Azt): 5 x 1072
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Forward Difference: 9.
B | o

® Taylor Series of f;,1 at ;1.

0 O? o3
s () (5) e (3,

® Rearranging Eqgn. (3.3) and dividing by the finite-difference Ax

gives
of  fimi—fi 10°f 19°f F&P
9] _ A N A 4
Ox Az 2! Ox? A 3! 0x3 Az® 4 H, S )

o The first term is a Finite Difference Approximation.
» The nextterm is the Leading Error term: O(Ax). ?

®The exponent of Az in O(Ax®) is the order of accuracy of the method.

.
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Truncation Errors

-

® Numerically evaluated at x = 4.

® The absolute values of the differences from the exact solution.

SO0 N et .
i omed LA | sin z
103 _ ............ e .' 4. —_— f([l?) — 3
107 1 : : 8 o
1075 1 ® With Az =0.1
510 1
? 10 LA B ety LLAtey (6 SNRRUIIRS SOROIT SO .. fi—l — —00115943,
1078 1 SO e, S N
AR R W 2SS A0 S ® f;=—0.0118250,
10.10_: . : : oo —
10711 4 S g - S— ® f,.1=-0.0118726.
10'12 ! f | 1 1

10 10 10° 162  1g" 10 10

h -- grid spacing
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Truncation Errors: NX = 16

-

® Let's consider f(x) = sinz with NX = 16.

® Domain size

1.5
= §) 1st Order Forward [O : 27T]
i O 2nd Order Central
1k @ 3rd Order Forward P
-9 g A 4th Order Central 2 O
L o\o ® 1st Order Backward e /o
- N Analytic of
o 0.5 -
> i e\o @/o0
§ - & 3
S OF e\o e/o
S B
..(7) = & 7z
= : e\ o e/o
LL
'0-5 T &1 7
. e\ O e/0
i 8 5
1k ONGE7C
_157\\\\|\\\\|\\\\|\\\\l\\\\l\\\\l\
0 1 2 3 4 5 6

AXx, grid spacing

ES440/ES911 CFD : Chapter 3 February 17, 2005 — p. 11/:



Truncation Errors: NX =8

® let's consider f(x) =sinzwith NX =16 & NX = 8.

First derivative

15

0.5

-1.5

i ) 1st Order Forward

i o 2nd Order Central

L ¢ 3rd Order Forward P
-© S A 4th Order Central 2 o
L e\o o 1st Order Backward e /o
. % Analytic P

i eo\o e/o

| 2 1z

— e\o e/o

- A 7

i e\ o e/o

B A 7

- o\ o e/0

B i 24

- oNg 9.0
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Ax, grid spacing

First derivative
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Truncation Errors: f(x) = sin kx

® let's consider f(x) =sinkx with k =2 & k = 3.
df

— = kcoskzx.

dx

¥

First derivative

i ) 1st Order Forward

i o 2nd Order Central

L o 3rd Order Forward

- \O A 4theQrdenCentral >
i o 1st¢Order Backward 9
- A Analytic 4 A
@ 5] 1) 5
L o o 5] o) 6] o) @ o
B o o) o o)
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B < <
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Ax, grid spacing

First derivative
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Modified Wavenumbers

- -

® |et's consider f(x) = sin k.

d

—f = kcos kx,
dx

2
Z—;; = —k? sin ka.

® Using sin? x + cos? z = 1.

4 = kcoskx = k+/1— 2,

dx
d? f

i —k%sinkx = —Ek*f.
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Modified Wavenumbers

®» Wavenumbers are




Modified Wavenumbers

- 5f 82 f

® Using 5 & 52 modified wavenumbers:
X X

® A measure of accuracy of a finite difference scheme is
provided by comparing the modified wavenumber &’ with k.

.
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Modified Wavenumbers

® Normalised modified wavenumber w’ and w”.

® Using the k0 = N/2, w[0, 7].
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Modified Wavenumbers
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® Let’s consider a pure harmonic function of period L,

f(%) _ ez'ka:’

e = cos(kx) + isin(kzx),
where : = v/—1 and k& is the wavenumber (or frequency) and
can take on any of the following values

2
k:%n, n=0,1,2,...,N/2.

® The exact derivative Is

i
%—Zlﬂf

. -
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Modified Wavenumbers - Cont’'d 2
-
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® |et us discretise a portion of the x axis of length L with a
uniform grid,

L
wj=0d, §=012... N-1

® The finite difference approximation for the derivative is

of . _ Jimn—Jfi
ox 2Ar

where Az = L/N is the grid spacing and ¢ denotes the
L discrete differentiation operator.
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Modified Wavenumbers - Cont’'d 3

® Substituting for f; = ¢***, we obtain

of \ _ Jir1—fim

ox 2Ax

o f et2mn(j+1)/N _ ,i2mn(j—1)/N
sz 2Ax ’
5—]8 - 6z27rn/N _ e—z27rn/N €i27rnj/N
ox 2Ax ’
o f et2mn/N _ ,—i2mn/N

sz 2Ax i

® Since e'** = cos(kz) + isin(kx),

e2™IN — cos(2rn/N) + isin(2rn/N),
L e~ 2N — cog(—2mn/N) + isin(—2mn/N).
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Modified Wavenumbers - Cont’d 4
- o

® Thus

o f sin(27mn/N)

where
L sin(27n/N)
N Az '
2T L
® Sj = — — =A
Since k& 7 n & 7 x,
L sin(kAx)
Az

kK'Az = sin(kAx).
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