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Chapter 5
Solution of Linear Equation Systems



Algebraic Equation System for FVM
-

ug — 2uy + ug = fi,

up — 2ug + ug = fo,
Ui—1 — 2u; + ujr1 = fi,

UNX—2 — 2UNX_1+UNX = fNx_1,

UNx-1—2unNx +unxs1 = fnx.

® Here, NX is the number of Control Volume and we have N.X
number of equations for uq, uo, ... u;, ..., UNX -1, UNX-

.

® upand uyx 1 are boundary values.
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Matrix Equationsfor 1D FDM
- o

® The result of discretisation is a system of linear algebraic

equations:
(2 1 N w [ fimw )
1 -2 1 s /2
1 -2 1 u; = f;

1 -2 1 UNX—1 INx—1

\ 1 —2) \ UN X ) \fNX_UNX—H)




Matrix Equations- Cont’d

-

® Algebraic Equation:

Ao =Q. (3.435°%F)
( -2 1 \ [ A= \
1 -2 1 2
A = 1 —2 1 7Q — fz )
1 -2 1 JNx -1
\ 1 -2 ) \ fNx —unx+1 )
and ¢ — (ula U2y ooy Uiy - UNX—1, uNX)T

.




X = (’U,l,UQ,’U,g,UNX_l,’U/NX) -

.

Tri-Diagonal Matrix

/ bl C1
a9 b2
a3

\

C2

b3

AX

B

C3

anx—-1 Onx—1 cNx-1

AN X

T

bnx )

fo
J3

INx—1

K Inx )




5.2.3 TDMA: ThomasAlgorithm
| o

n upper triangular form of the tridiagonal matrix may be obtained
by computing the new b; by

and the new f; by

fi:fi_%fi—la 7::2737"'7NX7
1—1

then computing the unknowns from back substitution according to
UNX — fNX/bNX and then

fk—gk“’““, k=NX—1NX—-2,....21
k

. -
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One-Dimensional FDM

-

® Governing Equation: 1D Navier-Stokes Equation.

i
oy?  dx’

#® Second-Order Central Difference Method for 9:

O*u  uip1 — 2u; + ui—y

Ox2 Ax? ’
8211, _ Ujt1 — QUj —+ Uj—1
Oy? Ay? .

#® Finite Difference Equation is:

Ujt1 — Quj + Uj—1 B @

L Ay2 N dr

(1)

(3.30FF)

(2)
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One-Dimensional FDM

- -

#® Finite Difference Equation is:

Ujt1 —2uj +uj—1 _ dp

(3)

Ay? dx
® Rearranging gives
1 2 1 _dp
AT T A T AR T *
or
dp \ o
Uj—1 — QUj + Ujqp1 = %Ay : (5)
d
® lets fj = P A2,

- " -~
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One-Dimensional FDM

#® Divide the computational
0”u dp domain into N X steps

5 :
Or®  dx (control volumes).

® Apply the FDE to the interior

points
Ax $» Tro, 3y...,Ljy..., TN.
-
e—0—0—0—O ® x1& x4 are boundary
2 i i+1 NX NX+1 i
points.
® Domainsize L=2, N =4&
Ax = 0.5
L y L2, L3, X4,

Uj—1 — 2Uj + Ujy1 = fj.

o 11& x5 are boundary.
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Algebraic Equation System
- o

#® Finite Difference Equation is:

d
Uj—1 — 2Uj + Ujy1 = éAyQ
. dp
s With Az =05& — = —2:
dx

dp
® fi= %Ay2 =—0.5

w1 — 2u9 + uz = —0.9,
ug — 2usz + ug = —0.9,

uz — 2u4 + uz = —0.5.

o Here, N =4 i1s the number of Ax and we have 3 number of
L equations for us, ug & uyq.
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Algebraic Equation System
-

#® Finite Difference Equation is:

1 y 1 dp
AT T AR T AR T
. dp
o With Az =05& — = —2:
dx
1
y Y
Ay?

du; — 8ug + 4uz = —2,
dug — 8usg + 4duy = —2,
4duz — 8uq + 4dus = —2.

» wup and us are boundary values.
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Matrix Equationsfor 1D FDM

® The result of discretisation is a system of linear algebraic

equations:

\

1—2)

([ )

\ v/

( —0.9 — uyg \

—0.5

\—0.5—”&5 ) |

® At walls, due to no-slip boundary condition, u1 = 0 & us = 0.

[ 2 1

)

(s )

us

=1 —0.5

\ v

[ 05 )

\ —0.5 )



Matrix Equationsfor 1D FDM
- o

#® Finite Difference Equation is:
dp
Uj—1 — 2’LLj + Ujyp1 = %AyQ

® The result of discretisation is a system of linear algebraic
equations:

(—2 1 \/ug\ (—0.5\

1 —2 1 us — —0.9

o 2w ) sy
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Matrix Equationsfor 1D FDM
f.o Finite Difference Equation is: -

1 2 1 _dp
AT T A T A T

® The result of discretisation is a system of linear algebraic
equations:

(—8 4 \(UQ\ (—2\

4 —8 4 us —

SR VATY A Y
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1D FDM Solution

U/U
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Two-Dimensional FDM

#® Divide the computational
domain into

o NX steps in x direction,

Ayt s NY steps in y direction.

® NX x NY control volumes.

— AX

® Resulting Finite Difference Equations (FDE) are

Uity = 2Uij T Uizl | Uil = 2ij ¥ Uig-1 _
Ax? Ay? "
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Two-Dimensional FDM
f.o 2D Finite Difference Equations are

1 2 1
Ag? I T A2 T R

1 1 1
A 5 Wit1,5 T A 5 Ui—1,5 T puz]+1 + INT: U j—1
1 1
_ 2<—Aa:2 + —Ay2 Jui; = fij,
1 1
® Rearrange the equation usin - & (B =-—"—
I e Qo= @ ¢P=3p

\ _ Qui—1j + auip1; + Bug o1+ Bug i1 — 2(a+ Buiy = fij.
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Matrix Equationsfor 2D FDM

® The result of discretisation is a system of linear algebraic
equations:

Apop + Y A= Qp. (3.421°%F)
z

. -
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Solution to 1D Matrix Equations
- o

® The result of discretisation is a system of linear algebraic
equations:

Appp =Qp — Y Adr.
[

® 1D FDM

aui—1 + bu; +cui1 = f;.
N

bu; = fi — (auj—1 + cuit1) ,

fi — (au;—1 + cuit1)
; .

. -
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Solution to 2D Matrix Equations
- o

® The result of discretisation is a system of linear algebraic
equations:

Apop =Qp— > _ Aigy.
[

® 2D FDM

au;—15 + atip1j + Buij—1 + Buij+1 — 2(a+ F) uij = fij
—~—

2(a + B)ui j = aui—1 4 + ouig1 j + Buij—1 + Buijvr1 — fij,

aui—1j + it j + Buij—1 + Ouij41 — fi
2(a + 3) |

. -
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Solution to 2D Matrix Equations

f.. 1D FDM in the z-direction

Qui—1 + Quiy1j + Buij—1 + 5Ui,j+11_2(04 + Bui; = fij-

OLD

aui—1j = 2(a+ B)uij + auirrj = fij — Buij1 + Buije -

OLD

® 1D FDM in the y-direction

QU157 + a1 08U g1 + Bui e — 2(a + Bui; = fij.
OLD

Buij—1 = 2(a+ B)uij + Buijyr = fij — Qui1j+ Qi -

OLD
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Solution to 2D Matrix Equations

2D Finite Difference Equations are

QUiy1j + QUi—1j + Bui g1 + Buij — 2(a+ Bui; = fi.
No direct solver - Iterative solver.
Using Tri-Diagonal Matrix Algorithm in each direction.
auit1j + aui—1; — 2(a+ B) uiy; = fij — Buijr — Buij-1,
Buijr1 + Bui i —2(a+ B)uij = fij — auiprj — aui—1;.

» Repeat until solution converges.

More details on Martix Computation.
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2D FDM Solution

ITER=1
ITER=2
ITER=3
ITER=4
ITER=5
ITER=10
ITER=15
ITER=100

1111

U/U
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U(y=0)
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U(y=0)
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error

0.1 i
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iteration number o

ES440/ES911 CFD : Chapter 5 February 14, 2005 — p. 27/:



error

Convergency - Cont’d
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