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Chapter 6
Methods for Unsteady Problems



6.1 I ntroduction

f.. In computing unsteady flows, we have a fourth coordinate
direction to consider: time..

o Time grid (FDM) & time volumes (FVM).

® The major difference between the space and time coordinates
lies in the direction of influence

» A force at any space location may influence the flow
anywhere else.

» Forcing at a given instant will affect the flow only in the
future - no backward influence.

® All solution methods advance in time in a step-by=step or
marching manner.
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6.1 Introduction -Cont’d
f.o Unsteady flows are parabolic-like in time.
» No conditions can be imposed on the solution except at the
boundaries at any time after the initiation of the calculation.

® These methods are very similar ro ones applied to initial value
problems for ODEs.

. -
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Ordinary Differential Equations,
ODE



Ordinary Differential Equations, ODE
- o

® Newton’s second law of motion

dv F

dt  m

® Fourier's heat law

® Fick’s law of diffusion

® [For many equations, it is impossible to find analytic solutions
and numerical methods are used for obtaining approximate
solutions.
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6.2.1 Tow-Level Methods
- o

® Consider the first order ordinary differential equation with an
Initial condition:

W feon): s)=d’ G

#® By integrating Eqn. (6.1) from ¢, to t,.1 = t,, + At:

tn+1 tn+1
/ % dt = " — ¢" = / f(to(t)dt,  (6.27%F)
t tn

n

g ¢ S e ; eata t ;
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6.2.1 Tow-Level Methods- Cont’d 2

Lo Lot Al

® The Explicit or Forward Euler Method
O = ¢ + f(ta, ¢")AL. (6.374F)

® The Implicit or backward Euler Method

B $"T = " + fltnar, 0" AL, (6.474F)
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6.2.1 Tow-Level Methods- Cont’d 3

® The Crank-Nicolson Method using the trapezoid rule

O = ¢" + % f(tn, ") + f g, 9] AL (6.375)

® The midpoint rule Method - Basis of the Leapfrog Method.

L gbn—l-l _ ¢n + f(tn+%,§bn+%)At- (64F&P)
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Euler Method

® Model 1st-order ODE equation.

Y = fay), vlw) = o

® Finite Difference Approximation.

A
Ai = f(z,y).

® Euler Method

o where f(z;,y;) is the differential
equation evaluated at x; and y;,
and Ax; = the step size, or

Increment, in x.

® The erroris O(h): 1st Order.

True

|
Predicted
1

dy

dx

Ay

= lim —=.

Arz—0 Ax

dy

de

Ay
Az’
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Explicit Euler Method - Example

® For example, let's consider

Exact solution

| ——O0—— Euler (Ax=0.1)

for0 <z <1.

® The exact solution is

1, 1
y(x)—Qe —|—2.

® Apply Euler Method

et = P A
o
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Explicit Euler Method - Errors

Truncation Error:

dy _ Ay
der Az’

True Error
= True Value - Approximation

Relative Error
=True Error / True Value

The relative error is about 10%.

Using small steps Azx.

Using high-order methods.

0.3

True Error
—(— Relative Error
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Second-Order Runge-Kutta M ethods
- .

dy

1
Yitrl = Yi + 5(/61 + ko)h

True

|
Predicted

where

First guess
I

k1= f(zi, i)
k2 — f(CCZ _|_ h, y’l, _|_ klh) )I(i Xis1 X

® The erroris O(h?).

.
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Second-Order Runge-Kutta M ethods
- .

Exact solution
(O RK2 (Ax=0.1) )

4T

-0.01
>
-0.02
i True Error
—(— Relative Error
-0.037“"“"“"‘H"H

0 0.2 0.4 X 0.6 0.8 1

® The relative error is less than 0.5%.

L’ Advantage of high-order methods
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Third-Order Runge-Kutta Methods
B : o
Yit1 = Yi + g(kl + 4k + k3)h

where

kl — (CCMyZ)
1
ko = flzi+ h ,Yi + /ﬂh)
ks = f(:EZ -+ h s Yi — k‘lh -+ kah)




Fourth-Order Runge-Kutta M ethods
- o

1
Yi+1l = Yi + g(lﬁ + 2ko + 2ks + ka)h
where
kl — (aj’ba yz)
1 1
ko = flzi+ 2h Yi + 2k1h)
1 1

ks = flz;+ hszr k2h)
ke = f($i+h,yz+/€3h)
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Runge-Kutta Methods
- o

® The major problem with Runge-Kutta methods

» Itis somewhat difficult to develop methods of very high
order.

® An n-th order R-K method requires that the derivative be
evaluated n times per time step,

» making these methods more expensive than multipoint
methods of comparable order.

® In partial compensation, the R-K methods of a given order are
more accurate and more stable than the multipoint methods of
the same order.

# The coefficient of the error term is smaller.

.
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ODE
- -

® Model 1st-order ODE equation.

d
d—i = f(z,y), y(zo) = Yo. >
® Finite Difference Approximation. True
Ay . Predicted
® FEuler Method L h
Xi Xi+1 X
s where Az; = the step size, or dy _ 4 &
increment, in z. de  Az—0 Aw
dy _ Ay

® Th IS O(h): 1st Order. — =~ .
e error is O(h) A
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Predator-Prey M odels
- o

® Lotka-Volterra equations

dx ;
— —ax — bx
dt Y
d
d—?i:—cy—l—da:y

x = the number of prey
y = the number of predators
a = the prey growth rate

e o o @

c = the predator death rate

°

b and d = the rate characterising the effect of the
predator-prey interaction on prey death and predator

L growth, respectively.
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Solution to Lotka-Volterra equations

-

dx -
dt g
d
d—‘z = —cy + dxy

Use the following parameter values for the simulation:
a=1.2,b=0.6,c=0.8,and d = 0.3.

Employ initial conditions of x = 2 and y = 1 and integrate from ¢t = 0
to 30.

® Which methods?
® What time steps At?

® Error Analysis
o Truncation Error or Discretisation Error
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Chaos. Lorenz equations

dx

dt

— = —0T + 0Y

dy
dt

— =rr—y—xz

dz

dt

—bz 4+ xy

With the following parameter values ¢ = 10, b = 2.666667, and

r = 28.

Employ initial conditions of x = y = z = 5 and integration from

t =0 to 20.

Repeat the simulation with = 5.001.
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Second-Order ODE
| o

eat Tranfer for Conduction:

d*T
— 4+ K T,—T)=0
dx? A )

Boundary conditions are

For a 10 m rod with T, = 20, T} = 40,75 = 200, and ' = 0.01, the
solution is

T = 73.4523 exp!* —53.4523 exp~ -1 420

. -
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Second-Order ODE - Cont’d

dz

P

W(T —T,)

® 2(0)=10
® T(10) = 168.3787

300

Exact solution

00— 2(0)=10
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Second-Order ODE - Cont’d

dx 300

dz

P

(T —T,)

® 2(0)=20

® T(10) = 285.8980

i 285.8980 — 168.3797

20 — 10

Exact solution
e O 7(0)=20

(200 — 168.3797) = 12.6907
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Blasius Equation
- o

#® Blasius Equation can be written as follows:

"4 11 =0
® The boundary conditions are

o n=0:f=0and /=0

s n=oc: f =1

® Weset f/=gand f” = ¢, then

(f") = —=f(f)
dqg
d—77 =—fg

. -
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Blaisius Equation -Cont’d

f.. The modified ODE

® The new boundary conditions are
s Atn =0, f=0,g=0,q=a.
o Atn=o00, Checkifg=1.
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